
Analytic Results from Shell Models of

Turbulence

Malcolm Roberts∗,1, John C. Bowman2, Bruno Eckhardt3

1University of Strasbourg
2University of Alberta

3Philipps University Marburg

BIRS 16w5102: Recent Advances in Hydrodynamics
2016-06-06

∗malcolm.i.w.roberts@gmail.com, www.malcolmiwroberts.com



Abstract

Analytic Results from Shell Models of Turbulence

Shell models of turbulence are simpler to deal with analytically
and numerically than the full Navier–Stokes equations. In this
work, we look the continuum limit of the DN and GOY shell
models and reproduce results from Kolmogorov theory for the
stationary case. The continuum limit allows us to derive these
results analytically, which we also confirm numerically.
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Navier–Stokes Turbulence

We are interested in answering questions about solutions to:

(1)

(
∂

∂t
− ν∇2

)
u = − (u ·∇) u − 1

ρ
∇P + F

∇ · u=0

Kolmogorov theory gives us some predictions:

I The energy spectrum goes like E (k) ∝ k−
5
3

I Let δu‖(x , `) = (u(x + `)− u(x)) · ˆ̀. Then
Sp(`)

.
=
〈∣∣u‖(x , `)

∣∣〉 ∝ `ζp with ζp = p/3.

I The dissipation scale: ηd ∝ ν3/4

I The finite-viscosity limit.
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Shell Models of Turbulence

The Fourier transform of the N–S equation is

(2)
∂uk

∂t
=

(
I− kk

k2

) ∑

p+q=k

i (k · up) uq − νk2uk + F k

For shell models of turbulence, we represent all velocities
{uk , k ∈ (kmin, kmax)} by a single complex velocity un.

(3)
∂un
∂t

= kn
∑

`,m

A`,mu
∗
` u
∗
m − νk2

nun + Fn
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Shell Models of Turbulence
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Generic Shell Model

Typically, kn = λn and un represents uk for k ∈ (kn, kn+1).

We define analogous quantities

I E
.

= 1
2

∑ |un|2

I E (kn)
.

= 1
2

|u2n|
kn+1−kn

I Sp
.

= 〈|un|p〉 = k
ζp
n

In general, the nonlinear term is restricted to nearby shells.

We consider shell models because

1. They share properties of the Navier–Stokes equations,

2. But they are simpler analytically and computationally.
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DN Model

The DN model [Desnyansky & Novikov 1974] results from:

I nearest-neighbour interactions

I energy conservation

The evolution equation is

(4)
∂un
∂t

= ikn
[
a
(
u2
n−1 − λunun+1

)
+ b

(
un−1un − λu2

n+1

)]

− νk2
nun + Fn
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GOY Model

The GOY model ([Gledzer 1973], [Yamada & Ohkitani 1987])
extends this to next-nearest neighbour interactions.

(5)
∂un
∂t

= ikn

(
αun+1un+2 +

β

λ
un−1un+1 +

γ

λ2
un−1un−2

)∗

− νk2
nun + Fn.

I Energy is conserved if α + β + γ = 0.

I A second helicity-like term 1
2

∑
n(−1)nkn |un|2 is

conserved.
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GOY Model: Structure Functions
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Continuum Shell Models

Shell models are discrete, and have few modes: they are easy
to simulate.

We can fix this!

Let η = n log λ

We use a Taylor series to for neighbouring modes, ie

(6)un+1 ≈ un + log λ
∂un
∂η

We let λ→ 0 to get a continuum shell model.
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Continuum Shell Models

Both the DN and GOY models have the same continuum limit:

(7)
∂u

∂t
= −ieηK̂ log λ

(
u2 + 3u

∂u

∂η

)∗
− νe2ηu

where K̂ = a− b for the DN model, and K̂ = −2α− β for the
GOY model.

We rescale the nonlinear coefficient by 1/log λ:

(8)
∂u

∂t
= ieηK̂

(
u2 + 3u

∂u

∂η

)∗
− νe2ηu
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Continuum Shell Models: Real Case

If u is real-valued and positive, then we can drop the complex
conjugate.

Let K = −i K̂ be real-valued. Then

(9)
∂u

∂t
= −eηK

(
u2 + 3u

∂u

∂η

)
− νe2ηu

We can now solve the steady-state analytically:

(10)u =
[ ν

4K

(
1− e

4
3
η
)

+ u0
]
e−

η
3
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Dissipation Wavenumber

If u0 is real-valued and positive, then

(11)
ν

4K

(
1− e

4
3
η
)

+ u0

is zero for some value of η, which we denote ηd .
If ηd � 1, then

(12)kd = eηd≈
(

4Ku0
ν

) 3
4

This reproduces Kolmogorov’s prediction of kd ∼ ν−
3
4 .
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Dissipation Wavenumber

kd =
(
1− 4K

ν

) 3
4
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Dissipation Wavenumber

Comparison of median dissipation wavenumber (dotted) and
(1− 4K/ν)3/4 (dashed).

10−4

10−3

10−2

10−1

100

k
5
/
3
E
(k
)

101 103 105 107 109

k

ν = 10−3

ν = 10−4

ν = 10−5

ν = 10−6

ν = 10−7

ν = 10−8

ν = 10−9

ν = 10−10

ν = 10−11

Malcolm Roberts malcolmiwroberts.com 14

malcolmiwroberts.com


Structure Functions

We multiply the continuum shell model by up−2 and take a the
time average < · · · >=

∫
dt

(13)

〈
up−2∂u

∂t

〉
= Keη

(
〈up〉+

3

p

∂ 〈up〉
∂η

)
− νe2η

〈
up−1〉

We again take the steady state, setting ∂u
∂t

= 0.
Denote cp = 〈|u|p〉|η=0.
Then,

(14)
S1 =

〈
|u|1
〉

= eη/3
[
c0 +

ν

3K

(
e

4
3η − 1

)]
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Structure Functions

Similarly,

〈
u2
〉

= e−
2
3
η

[
c2 +

c1
2

ν

K

(
e

4
3
η− 1

)
+

1

6

ν2

K 2

(
e

4
3
η− 1

2
e

8
3
η− 1

2

)]

〈
u3
〉

= eη
[
c3 − c2

3

4

ν

K

(
e

4
3
η − 1

)
+ c1

3

8

ν2

K 2

(
e

4
3
η − e

8
3
η

2
− 1

2

)

+
1

16

ν3

K 3

(
e

4
3
η + e

8
3
η − e4η

3
− 5

3

)]

〈
u4
〉

= e
4
3
η

[
c4 +

ν

K

2

5
c3
(

1− e
10
3
η
)

+ . . .

]
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Structure Functions

Let

(15)ζp
.

= − lim
η→0

d 〈up〉 /dη
〈up〉

Then,

ζ1 =
1

3
+

1

c1

4

3

ν

K
(16)

ζ2 =
2

3
+

c1
c2

2

3

ν

K
(17)

ζ3 = 1− ν

K

c2
c3

+
1

c3

1

6

ν2

K 2
(18)

ζ4 =
4

3
− ν

K

c3
c4

4

3
+
ν2

K 2

c2
c4

8

315
+O(ν3) (19)
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Structure Functions

Which gives us a finite-viscosity correction to the K41 values:

ζ1 =
1

3
+

1

c1

4

3

ν

K
(20)

ζ2 =
2

3
+

c1
c2

2

3

ν

K
(21)

ζ3 = 1− ν

K

c2
c3

(22)

ζ4 =
4

3
− ν

K

c3
c4

4

3
(23)

. . .
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Structure Functions λ = 2
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Structure Functions λ = 21/2
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Structure Functions λ = 21/22
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Structure Functions λ = 21/23
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Structure Functions and λ

What happened to anomalous scaling as λ→ 1?
For λ = 2

I Energy cascades from large to small scales via discrete
jumps.

For λ→ 1

I Energy cascades from large to small scales smoothly.

I The role of un+1 and un+2 in the nonlinear term for un
becomes more important: less back-scatter.
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Inviscid Limit Dissipation

The energy dissipation rate is

(24)ε
.

=
dE

dt

∣∣∣∣
dissipative

=− ν
∫

e2ηu2 dη.

We can calculate this for the steady state

(25)

〈ε〉 = −ν
∫ ηd

η0

e2η
〈
u2
〉
dη

= −ν
[
c2

3

4
e

4
3
η + c1

ν

K

(
−3

8
e

4
3
η +

3

16
e

8
3
η

)

+
ν2

K 2

(
1

48
e4η − 1

16
e

4
3
η +

1

16
e

8
3
η

)]ηd

η0

.
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Inviscid Limit Dissipation

Let η0 = 0, and use eηd =
(
4Kc0
ν

)4/3
.

Then, take the limit as ν → 0.

We get
(26)lim

ν →0
〈ε〉 = K

(
3c2c1 + 80c31

)
6=0

reproducing Kolmogorov’s finite-dissipation limit.
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Conclusion

I The GOY and DN shell models have the same
energy-preserving continuum limit.

I For the real-valued case we were able to derive:
I The dissipation wavelength
I Structure-function exponents
I The zero-viscosity dissipation limit

I The results gave finite-viscosity corrections to
Kolmogorov-style results.

I Anomalous scaling of the structure functions decreases as
one approaches the continuum limit.

Thank you for your attention!
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